Abstract: Tropospheric delay is a major error source that affects the performance of the Global Navigation Satellite Systems (GNSS) Real Time Kinematic (RTK) positioning especially for the medium/long-range baseline. Although high precision tropospheric delay can be estimated by GNSS carrier phase measurement, together with position and ambiguity, a relatively long period of convergence time is necessary. In this study, we develop a new GPS/BDS RTK algorithm constrained with a tropospheric delay parameters from Numerical weather prediction (NWP) model for medium/long-range baselines. The accuracy of the tropospheric delays derived from NWP is assessed through comparisons with the results of GAMIT (GNSS at MIT). The positioning performance with standard GPS RTK, standard GPS/BDS RTK, the developed NWP-constrained GPS RTK and NWP-constrained GPS/BDS RTK over medium/long-range baselines are compared in terms of the initialization time and the positioning accuracy. Experiment results show that the mean differences between the NWP and GAMIT zenith tropospheric delay (ZTD) are between −5.50 mm and 5.60 mm, and the RMS values of the NWP ZTD residuals are from 24.02 mm to 32.62 mm. A reduction in the initialization time of over 41% and 58% for medium-and long-range baselines can be achieved with the NWP-constrained RTK (both GPS alone and GPS/BDS RTK solutions) compared to the standard RTK solution, respectively. An improvement of over 30% can be found with the GPS/BDS RTK compared with that of the GPS alone RTK for both standard and the NWP-constrained modes. The positioning precision of NWP-constrained GPS/BDS RTK is better than 3 cm in the horizontal direction and better than 5 cm in the vertical direction, which satisfies the requirement of the precise positioning service.
Introduction
Real Time Kinematic (RTK) positioning with instantaneous ambiguity resolution (AR) and Precise Point Positioning (PPP) are currently popular techniques for real-time precise positioning based on carrier phase observation. These techniques have been widely used in surveying and navigation fields. A reliable real-time PPP service can provide precise positioning on a global scale [1] . However, PPP needs a comparatively long initialization time of about 20 min [2] . Generally, RTK provides centimeter-level positioning services with a relatively short initialization time over a baseline shorter them at each reference and rover station. As a result, tropospheric delay is the most significant error that affects the performance of the RTK, especially over the long-rang RTK.
Apart from the methods mentioned above, the numerical weather prediction (NWP) model can also be used to estimate the tropospheric delay. The meteorological parameters can be derived at any location and at any time within the area by using the required information from NWP models for describing the neutral atmosphere. Using these meteorological parameters, tropospheric delays of the area can be estimated. Many researchers have applied zenith tropospheric delay (ZTD) measured by GPS to validate the ZTD derived from meteorological data and concluded that they basically agreed with each other [23] [24] [25] [26] . Research demonstrated that the ZTD derived from the NWP model-global data acquisition system (GDAS) agreed with the IGS ZTD solutions at a 3.0 cm root mean square difference (RMSD) level with biases of up to 4.5 cm over a 1.5-year period at 18 globally distributed IGS stations [27] . The test results of [28] showed that the RMSD of the ZTD calculated by the European Centre for Medium-Range Weather Forecasts (ECMWF), reanalyzed data with a horizontal resolution of 0.5 • × 0.5 • in China, was 3.54 cm and that of the National Centers for Environmental Prediction (NCEP), with a horizontal resolution of 2.5 • × 2.5 • , was 5.36 cm. However, the tropospheric delay estimated by the reanalyzed data cannot be used in real-time positioning. Experimental results showed that the RMSD of the ZTD derived from NCEP surface forecast data was 10 cm over China [28] . Research also demonstrated that although independent observation showed good accuracy of the zenith hydrostatic delay (ZHD) derived from the NWP models, the accuracy of the zenith wet delay (ZWD) derived from these models was usually far less than that of the ZHD, especially in low-altitude regions [29] . A few studies have been done to investigate the possible use of ray-tracing using raw NWP models to improve GPS RTK processing [30] [31] [32] [33] . The effectiveness of the network RTK initialization was improved by 19% using the National Oceanic and Atmospheric Administration (NOAA) model compared with the Hopfield model [30] . Although an improvement of about 60% in the vertical coordinate bias was found, the absolute accuracy cannot be expected to be better than 10 cm owing to the remaining mis-modeling of the troposphere [31] . As a result, the ZTD derived from NWP models is still not accurate enough for high-precision GNSS real time positioning applications without the estimation of the residual tropospheric delay.
In this study, we focus on developing and testing a new GPS/BDS RTK processing algorithm constrained with the NWP model to improve the GPS/BDS double difference precise positioning over medium/long-range baselines. Tropospheric delay parameters, which are derived from the medium-range NWP model from the Shanghai Meteorological Bureau (SMB), are applied to GPS/BDS RTK. The precise tropospheric delay is computed using GPS observation with GAMIT (GNSS at MIT) software, which is one of the most famous GPS precise data processing software packages [34] . The quality of tropospheric delay parameters retrieved from this medium-range NWP model is assessed by comparison with the result of GAMIT. The performance of GPS RTK and GPS/BDS RTK making use of the NWP-derived tropospheric delay parameters is evaluated in terms of both initialization time and positioning accuracy.
Descriptions for multiple-GNSS and the tropospheric delay estimation methods are presented in the "Introduction" section. In this section, we also investigate the significance and challenge of estimating the tropospheric delay using the NWP model. The NWP data collection and theoretical foundation of the new RTK algorithm constrained with the NWP model proposed in this study can be found in "Materials and Methods" section. The quality of the tropospheric delay derived from the NWP model used in this study is assessed in "Results" section. To examine the performance of the NWP-constrained RTK, compared with that of the standard RTK, experiments are carried out based on GPS and BDS observation over medium/long-range baselines. Finally, a discussion and conclusions are presented based on our findings.
Materials and Methods

Data Collection
In this study, the pressure, temperature, and specific humidity fields of the medium-range NWP model from the SMB are utilized to retrieve the tropospheric delay parameters. This model is established based on the Weather Research and Forecasting Model (WRF). It covers the East China area, and it includes three types of spatial resolutions: 3 km, 9 km and 15 km. The horizontal resolution of 9 km with 35 vertical levels is used for this study. The exponential model is used for the tropospheric correction up to the 50 hPa. The temporal resolution of the NWP in this study is 3 h. In addition, one year's NWP data over the East China area and GNSS observations of eight meteorological stations (BYFH, BTLU, BTUZ, BXTC, ZJHZ, SDHM, SDJM, SHBS) in eastern China were collected to validate the ZTD derived from NWP. The eight stations shown in Figure 1 
NWP ZTD Integral Method
Two methods: the integral method and model estimation method, are commonly used to derive the ZTD from the NWP meteorological parameters [28] . In this study, the results of the integral method and model estimation method was compared by computing the tropospheric delay of one reference station for one year using these two methods. Treating the tropospheric delay gained by GAMIT as the precise value, the tropospheric delay residual of the two methods are shown in Figure 2 . From this figure, we can see the residual of the integral method generally vary between ±40 mm, while the residual of the model estimation method can reach ±60 mm. The standard deviation of the tropospheric delay residual of the integral method is 17.5 mm, and is 33.2 mm for the model estimation method. As a result, the accuracy of the tropospheric delay from the integral method is better than the model estimation method in this experiment. Although the integral method gets a better results in this experiment, we also agree that the accuracy depends on the level of integration.
The integral method is applied in this study. The physical conditions on each 3D grid point of NWP products (e.g., pressure, temperature, relative humidity, and height) are used to calculate the atmospheric refractivity N of each grid point (Equation (1)), and the ZTD is estimated by the integral method using Equation (2) .
where k 1 = 77.6890 K/mbar, k 2 = 71.2952 K/mbar, and k 3 = 375, 463 K 2 /mbar are empirically determined coefficients [35] , T is the temperature (unit: K), P and e are atmospheric pressure and water vapor pressure (unit: mbar), N dry and N wet are the refractivity of dry gas and refractivity of wet gas, N i is the atmospheric refractivity in the i th integral area (it equals the average of two adjacent layers' grid points), ∆H i is the height of the i th integral area, and n is the level of integration, which depends on the number of levels of meteorological data from the observation station to the top of the meteorological data.
Since the observation station would not be located at the grid points, the ZTD of the observation station are obtained using bilinear interpolation (horizontal direction) and the Gaussian function model (vertical direction) in this study [36] . 
GPS/BDS Medium/Long-Range RTK Algorithm Constrained with NWP Model
In long-range baselines RTK, measurement errors (tropospheric delay, ionospheric delay, relativistic effects, solid earth tides, polar tides and ocean loading tides) should be considered. The tides and other geophysical related errors can be estimated using methods and models. As a consequence, the main errors that affect the performance of GPS/BDS RTK are the tropospheric delay and ionospheric delay. In this study, we focus on the tropospheric delay, and use the ionospheric delay estimation method for medium/long-range baselines we developed to reduce the ionospheric delay [11] . After the ionospheric delay and other measurement errors are removed, the GPS/BDS RTK processing model can be expressed as follows:
where v ∆P Gi and v ∆ ϕ Gi are the residual vectors of the double difference GPS pseudo-range and phase observation; v ∆P Bj and v ∆ ϕ Bj are the residual vectors of the double difference BDS pseudo-range and phase observation; i, j denote the frequency; A is the design matrix; C is the coefficient corresponding to T; λ Gi and λ Bj are the wavelength of the corresponding GPS and BDS observation, respectively; E is the unit matrix; B, T are the vectors of unknown parameters of baseline components and double difference slant total delay, respectively; ∆N Gi and ∆N Bj are the GPS and BDS double difference ambiguity, respectively; ∆P Gi , ∆ ϕ Gi , ∆P Bj and ∆ ϕ Bj are the double difference GPS and BDS pseudo-range and phase observation, respectively.
The double difference slant total delay T can be described as the sum of the double difference hydrostatic and non-hydrostatic orwet components [12] :
where ∆ ZHD and ∆ ZWD denote the double difference zenith hydrostatic and double difference non-hydrostatic orwet delays, respectively; mfh and mfnh are the double difference hydrostatic and non-hydrostatic mapping functions, respectively; and we used the GMF Global Mapping Function (GMF) in this research [37] . In this study, four RTK scenarios are applied concerning the approach for tropospheric delay modeling and GPS/BDS integration positioning: the standard RTK (GPS alone), the standard GPS/BDS RTK, the RTK constrained with NWP (GPS alone) and the GPS/BDS RTK constrained with NWP ZTD. For the standard RTK processing (both GPS alone and GPS/BDS RTK), the ∆ ZHD is calculated by using the Hopfield model in this study [14] . Owing to the high variability of the water vapor distribution, the ∆ ZWD is estimated as an unknown parameter in the adjustment together with the other parameters, such as the station coordinates and the ambiguities. All of the unknown parameters are adjusted in a sequential least squares filter. For the standard RTK processing, the unknown parameter vector X can be described as
As with the standard RTK, we remove the ∆ ZHD firstly in the NWP-constrained RTK (both GPS alone and GPS/BDS RTK). In a different way from the standard RTK, the priori ∆ ZWD predicted by the NWP model with a prior variance of the wet troposphere parameters is introduced to the troposphere vector in this algorithm. At the same time, a wet delay residual Resi ∆ ZWD is estimated as an unknown parameter during the processing in order to account for possible imperfections inherent in the NWP. The constraints of the residual ∆ ZWD are referred to as the prior variance, and the definition of this prior variance will be proposed in the next section. The unknown parameter vector X in the NWM-constrained RTK can be expressed as
where Resi ∆ ZWD is the wet delay residual.
Comparing the RTK algorithms, they have the same number of unknown troposphere parameters. However, the NWP-constrained RTK applies the external meteorological information and the prior variance information. The RTK performance of this algorithm would be better in theory, if the priori ∆ ZWD predicted by NWP model has high accuracy.
Results
Tropospheric Delay Comparison between NWP and GAMIT
Different regional NWP models may have different accuracy and therefore detailed evaluations are required to assess the accuracy of different models. In this study, the NWP model we used is the main medium-range NWP model from the SMB. To investigate the quality of ZTD parameters derived from the NWP model, we compare the value of the tropospheric delay calculated by NWP and GAMIT. To achieve this objective, one year's NWP data over East China area and GNSS observation on eight meteorological stations in Figure 1 were collected. The tropospheric delays of these eight stations were calculated with GAMIT every 1 h. As the NWP ZTD are sampled every 3 h, we do not interpolate in time but restrict the comparison to the NWP data epochs.
As typical examples, the ZTD series derived from the medium-range NWP model and GAMIT at stations BXTC, SDJM and SHBS are shown in Figures 3-5 . From these figures, we can see the time series of the NWP ZTD are in relatively good agreement with GAMIT ZTD. The correlation coefficient showed in Table 1 are all larger than 0.97, which also suggest that these two kinds of ZTD are highly correlated. Generally, the peaks of these ZTD series appear between the 180th and 210th day of year, which are during the rainy season. As a result, rapid and large changes of water vapor would increase the variability of tropospheric delay. Taking the tropospheric delay gained from GAMIT as the precise value, the residuals of the estimation using the NWP method are shown in Figure 6 . Table 1 Table 1 ). The station of BTLU shares the best precision, while the RMS of station SHBS, SDJM and ZJHZ are relatively large. In this study, we set the mean value of the RMS of these eight stations as the prior variance of tropospheric delay residuals for the stations in this area. 
GPS/BDS RTK Results
To investigate the performance of the GPS/BDS RTK constrained with the ZTD derived from the medium-range NWP model, 10 days of GPS/BDS observations from three stations located in the medium-range NWP model covered area were collected. The observation interval was 1 s. The Trimble NetR9 receiver and TRM59800.00 antenna was used on these stations. Dual-frequency code and carrier phase signals of GPS (L1, L2) and BDS (B1, B2) were used in this experiment. In this experimental period, two baselines between the stations were studied and the lengths of the baselines were about 80 and 260 km, respectively. GPS/BDS observation was processed every minute using four schemes following the data processing algorithms presented in Section 2 until the corresponding ambiguity validation conditions were satisfied. The four schemes were the standard GPS RTK, standard GPS/BDS RTK, GPS RTK constrained with NWP ZTD and GPS/BDS RTK constrained with NWP ZTD. In the data processing, we mitigated the ionospheric delay using the medium/long-range baselines ionospheric delay estimation method we developed [11] . The popular R-ratio [38] was used as the validation method and a threshold value was set to 2.5. For composing the weight matrix, the sigma of carrier phase noise was set to 3 mm for both GPS and BDS. Before setting the sigma of the code measurements of BDS and GPS, we assess the multipath and code noise level using the multipath combination (MPC). The combination is constructed using a single-frequency code measurement and dual-frequency phase measurements, which can be expressed as:
where P i and φ i (i = 1, 2) are the GNSS code and carrier phase measurements, respectively; and f i denotes the frequency for carrier phase. One day of GPS/BDS dual-frequency observations from one station located in the medium-range NWP model covered area were collected for this experiment. Table 2 shows the standard deviations of BDS MPCs. The standard deviations vary in a range of 0.200-0.577 m. The average of all standard deviations for B1 MPCs is 0.318 m, which is larger than that of GPS L1 codes (0.243 m). While for B2 MPCs, the average of standard deviations is 0.385 m, which is also larger than that of GPS L2 codes (0.297 m). Experimental results show that the multipath and noise level of BDS code measurements is higher than that of GPS collected using the same receiver. However, it should be mentioned that it is not completely fair to compare MPCs of BDS and GPS satellites as the constellations of two GNSS system are completely different. As the multipath and code noise level of BDS pseudo-range measurements was larger than that of GPS, the sigma of pseudo-range noise was set to 0.5 m for BDS, instead of 0.3 m for GPS [11] . Time required for AR or initialization is an important index to measure the performance of the RTK and the benefit of the NWP ZTD. Figures 7 and 8 show the time needed to fix the ambiguities using the data processing algorithms mentioned above. Table 3 presents the mean times for AR and the improvement of NWP-constrained RTK, with respect to the standard RTK for both GPS/BDS and GPS alone solutions. For the baseline of 80 km, it is noted that about 40% of ambiguities are fixed in 20 min with standard GPS RTK, while over 77% of initialization can be achieved in 20 min with standard GPS/BDS RTK. The mean time needed is reduced by 31.0% when BDS is involved. GPS RTK constrained with NWP ZTD only need a mean time of 13.3 min for initialization and this can be improved by 41.2%, compared with the standard GPS RTK. Over 90% of ambiguities can be fixed in 15 min by using the process scheme of GPS/BDS RTK constrained with NWP ZTD. The mean time needed (8.8 min) is also improved by 43.6% comparing with the standard GPS/BDS RTK. For the baseline of 260 km, the initialization required time is about twice as much as that of the baseline of 80 km. The mean time of 49.7 min is needed for obtaining the fixed solution with standard GPS RTK. In comparison, it takes about 20 min (mean time) for the AR with the GPS RTK constrained with NWP ZTD, shortening the solution initialization time by 58.8%. Similarly, a significant reduction of 62.7% is revealed by the GPS/BDS RTK constrained with NWP ZTD compared with the standard GPS/BDS RTK. The mean time needed is only 12.9 min. In addition, an improvement 30% or more can be found in the initialization time when BDS is involved in RTK for both the standard and NWP-constrained mode solutions. As a result, firstly, the initialization speed can be remarkably improved with the GPS/BDS solutions, compared with that of the GPS RTK for both medium-and long-range baselines. Secondly, the NWP-constrained RTK reveals significant contribution to improving the initialization speed of both GPS and GPS/BDS solutions. Another important index to measure the performance of the RTK is the positioning precision. Figures 9 and 10 illustrate the positioning error compared to the precise position. Since the experimental stations are continuously operating reference stations, the precise position of them are known. Table 4 shows the positioning precision (the standard deviation of the positioning error) of the baseline of 80 and 260 km in terms of the North, East and Up direction. Since the positioning precision of GPS/BDS RTK constrained with NWP is very similar to that of the other three RTK schemes mentioned above after the ambiguities are fixed successfully, we only display of the results of the NWP-constrained GPS/BDS RTK. From these figures and table, we can see the positioning precision is better than 3 cm in the horizontal direction and better than 5 cm in the vertical direction, which satisfies the requirement of the precise positioning service. The positioning error of the medium-range baseline (80 km) in the North and East direction floats between −0.02 m and +0.02 m, which increases to ±0.04 m for the long-range baseline (260 km). Similarly, the positioning error in the direction of Up over long-range baseline is also lager than that over the medium-range baseline. Moreover, the standard deviation of the long-range baseline (260 km) is about twice as large as that of the medium-range baseline. 
Discussion
To assess the accuracy of the tropospheric delay from the NWP and define the prior variance of the NWP ZTD, we compute the RMS of NWP ZTD residuals for eight stations. Experiments show that RMS of the tropospheric delay residuals derived from the medium-range NWP model from the SMB are between 24.02 and 32.62 mm, which is much better than that of the ECMWF and NCEP shown in the research of Chen et al. [28] . However, it should be mentioned that it is not completely fair to compare the ZTD residual of them as the spatial resolutions of them are different. Research has shown that the RMS values of the tropospheric delay residual from the NWP revealed strong dependence on geographical latitudes: smaller in high-latitude and larger in low latitude areas [31] . In this condition, the prior variance of the NWP ZTD error is set considering the latitude of the stations. However, the ZTD from the medium-range NWP model in this study doesn't show this characteristic due to the limited area size. As a result, we set the mean value of the RMS of these eight stations as the prior variance of tropospheric delay error for the stations in this area.
Experimental results (Figures 7 and 8 and Table 3 ) in our study show that the initialization speed improvement of NWP-constrained RTK for the long-range baseline is larger than that of the medium-range baseline. The possible reason would be that the tropospheric delay is one kind of distanced based error, which would be canceled through double difference over the medium-range baseline. However, the effectiveness of double difference will be weakened substantially for the long-range baseline due to the weak spatial correlation, and the residuals of the tropospheric delay after double difference over long-range baseline are declined by using the NWP model significantly.
In our study, although the positioning precise of the GPS/BDS RTK constrained with NWP is satisfactory, the positioning precise of the long-range baseline is worse than that of the medium-range baseline. Larger error also results in a longer time needed for the AR over the long-range baseline shown in Table 3 . The possible reasons would be: (1) most of the errors (solid earth tides, polar tides, ocean loading tides, etc.), which can be ignored in the medium-range baseline, should be estimated in the long-range baselines. However, the residuals of these errors after modeling or estimation will definitely affect the positioning precision; (2) the accuracy of the ZTD from the NWP model and the prior variance information for the ZTD residuals is not high enough. Both of the possible reasons remain to be further studied.
Conclusions
In this study, we developed a new GPS/BDS medium/long-range RTK algorithm constrained with tropospheric delay parameters from the medium-range NWP model. One year's NWP data over East China area and GPS/BDS observation of eight stations were processed. The accuracy of the tropospheric delays derived from NWP was assessed through comparisons with the results of GAMIT at these stations. The positioning performance with standard GPS RTK, standard GPS/BDS RTK, the developed NWP-constrained GPS RTK and NWP-constrained GPS/BDS RTK over mediumto long-range baselines were compared in terms of the initialization time and the positioning accuracy. The benefits of applying tropospheric delay parameters from the NWP model to improve the performance of GPS/BDS RTK were demonstrated. Experimental results show that, 
